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Abstract
Let (C∞,) denote the algebra of infinitely differentiable functions in [0,1] with Duhamel prod-
uct
(f  g) = d
dx
x∫
0
f (x − t)g(t) dt
as multiplication. We describe all the closed ideals in (C∞,). As a consequence we obtain that
the integration operator I, (If )(x) = ∫ x0 f (t) dt , is unicellular in the space C∞[0,1], which is the
solution of a long-standing problem.
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This paper solves an old problem of the theory of invariant subspaces in a Fréchet space,
namely, we prove here unicellularity of the integration operator f → ∫ x0 f (t) dt in the
space C∞[0,1].
Recall that a linear operator A acting on a topological vector space X is unicellular, if
its set of invariant subspaces, LatA, is linearly ordered set with respect to inclusion.
Let C∞ = C∞[0,1] be the Fréchet space of all infinitely differentiable functions
in [0,1]. The topology in C∞ is given by the collection of the seminorms {Pn}n0,
Pn(f ) = max
0kn
max
x∈[0,1]
∣∣f (k)(x)∣∣, f ∈ C∞.
Let I , (If )(x) = ∫ x0 f (t) dt , be the integration operator in C∞. In 1966 Mikusinski [1]
proved unicellularity of I in the subspace
C
(∞)
0 =
{
f ∈ C∞: f (k)(0) = 0, k = 0,1,2, . . .}.
But the problem of whether an integration operator is unicellular in the space C∞ remained
open. (For more detailed information on the history of the unicellularity problem of the
integration operator see [2].) In the present paper we extend Mikusinski’s result to the
space C∞, and so completely solve the last problem.
Our proof is based on the Duhamel product (see, for instance, [3]), which is derivative
of the Mikusinski convolution product:
(f  g)(x) def= d
dx
(f ∗ g)(x) = d
dx
x∫
0
f (x − t)g(t) dt
=
x∫
0
f ′(x − t)g(t) dt + f (0)g(x). (1)
For f,g ∈ C∞, f  g as defined by (1) also belongs to C∞, and with this multiplication
C∞ becomes an algebra. Let (C∞,) denote an algebra of infinitely differentiable func-
tions in [0,1] with Duhamel product  as multiplication. It can be easily shown, using
the operational calculus [4,5], that (C∞,) is commutative and associative (it is actually
clear from (1) that the constant function f (x) ≡ 1 is the identity for (C∞,), and a simple
change of variable shows commutativity). It is clear from (1) that
Inf = x
n
n!  f, f ∈ C
∞, n 0,
and therefore, the problem of the description of all the closed ideals of the algebra (C∞,)
is equivalent to the description of the invariant subspaces of the operator I in C∞. Thus,
in Section 2 we shall describe all the closed ideals in (C∞,).
2. Closed -ideals in C∞
Let us denote
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(n)
0 =
{
f ∈ C∞: f (i)(0) = 0, i = 0,1,2, . . . , n} (n = 0,1,2, . . .),
Cλ =
{
f ∈ C∞: f (x) = 0, x ∈ [0, λ]} (0 < λ < 1).
It can be shown, using (1), that these subspaces are each closed -ideals (i.e., I-invariant
subspaces) in C∞ and that
Cµ ⊂ Cλ ⊂ C(∞)0 ⊂ · · · ⊂ C(n+1)0 ⊂ C(n)0 ⊂ · · · ⊂ C(0)0 (µ > λ). (2)
Now in order to prove that an operator I is unicellular in C∞, we shall prove that there are
no other closed -ideals in C∞. The following is our main result.
Theorem 2.1. All closed ideals in (C∞,) are of the form C(n)0 (n = 0,1,2, . . .) or of theform Cλ (0 < λ < 1).
We divide the proof of theorem into the following lemmas.
Lemma 2.2. Let f ∈ (C∞,). Then f is -invertible, if and only if f (0) = 0.
Proof. The method of the proof is similar to a part of the proof in [3]. For the sake of
completeness, we provide the details. If f is -invertible, there exists g ∈ C∞ such that
f  g = 1, and therefore, (f  g)(0) = f (0)g(0) = 1, that is, f (0) = 0.
Now we prove that, if f (0) = 0, then f is -invertible. Assume, without loss of gener-
ality, that f (0) = 1. Clearly, f (x) = 1−h(x), where h ∈ C∞ and h(0) = 0. Choose M > 0
such that |h′(x)|M for x ∈ [0,1]. Then
∣∣h(x)∣∣=
∣∣∣∣∣
x∫
0
h′(t) dt
∣∣∣∣∣Mx
for x ∈ [0,1]. Let h[n] denote the -product of h with itself n times for n  0, where
h[0] = 1. We prove by induction that∣∣h[m](x)∣∣ Mmxm
m! , (3)∣∣∣∣ ddx h[m](x)
∣∣∣∣ Mmxm−1(m − 1)! (4)
for all x ∈ [0,1]. Indeed, assuming that the inequalities (3) and (4) hold for m = n, we have
∣∣h[n+1](x)∣∣=
∣∣∣∣∣
x∫
0
h′(x − t)h[n](t) dt
∣∣∣∣∣ M
n+1
n!
x∫
0
tn dt = M
n+1xn+1
(n + 1)! ,
and ∣∣∣∣ ddx h[n+1](x)
∣∣∣∣=
∣∣∣∣∣
x∫
0
h′′(x − t)h[n](t) dt + h′(0)h[n](x)
∣∣∣∣∣
=
∣∣∣∣∣
x∫
h′(x − t) d
dt
h[n](t) dt
∣∣∣∣∣ M
n+1
(n − 1)!
x∫
tn−1 dt = M
n+1xn
n! .
0 0
300 M.T. Karaev / J. Math. Anal. Appl. 300 (2004) 297–302Thus (3) implies that
∞∑
n=0
∣∣h[n](x)∣∣ ∞∑
n=0
Mnxn
n! ,
that is, the series g(x) def= ∑∞n=0 h[n](x) is majorized by the series
∞∑
n=0
Mn
n! = e
M.
Consequently, the series
∑∞
n=0 h[n](x) with h[n] ∈ C∞ (n = 0,1,2, . . .) converges uni-
formly in [0,1]. In order to show that g ∈ C∞, we have to prove that for any fixed k the
series
∑∞
n=0 d
k
dxk
h[n](x) converges uniformly in [0,1]. For this purpose, choose Nn ∈ N
such that∣∣∣∣ dkdxk h[n](x)
∣∣∣∣Nn (5)
for x ∈ [0,1]. Since h(0) = 0, clearly h[k](0) = (h[k])′(0) = · · · = (h[k])(k−1)(0) = 0 for
each k  1. Then
dk
dxk
h[n](x) = d
k
dxk
(h[k]  h[n−k])(x) = d
k
dxk
(
h[k] ∗ (h[n−k])′)(x)
=
(
dk
dxk
h[k] ∗ (h[n−k])′
)
(x).
Thus
dk
dxk
h[n](x) =
(
dk
dxk
h[k] ∗ (h[n−k])′
)
(x). (6)
Now using (4)–(6) we have
∞∑
n=0
∣∣∣∣ dkdxk h[n](x)
∣∣∣∣=
k−1∑
n=0
∣∣∣∣ dkdxk h[n](x)
∣∣∣∣+
∞∑
n=k
∣∣∣∣ dkdxk h[n](x)
∣∣∣∣

k−1∑
n=0
Nn +
∞∑
n=k
∣∣∣∣ dkdxk h[n](x)
∣∣∣∣
=
k−1∑
n=0
Nn +
∞∑
n=k
∣∣∣∣
(
dk
dxk
h[k] ∗ (h[n−k])′
)
(x)
∣∣∣∣
=
k−1∑
n=0
Nn +
∞∑
n=k
∣∣∣∣∣
x∫
0
dk
dxk
h[k](x − t)(h[n−k])′(t) dt
∣∣∣∣∣

k−1∑
n=0
Nn + Nk
∞∑
n=k
x∫ ∣∣(h[n−k])′(t)∣∣dt
0
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k−1∑
n=0
Nn + Nk
∞∑
n=k
Mn−k
(n − k − 1)!
x∫
0
tn−k−1 dt
=
k−1∑
n=0
Nn + Nk
∞∑
n=k
Mn−k
(n − k)!x
n−k

k−1∑
n=0
Nn + Nk
∞∑
n=k
Mn−k
(n − k)! .
Thus the series
∑∞
n=0 d
k
dxk
h[n](x) is majorized by the series
∞∑
n=0
an =
k−1∑
n=0
Nn + NkeM,
where
an
def=
{
Nn, 0 n k − 1,
Nk
Mn−k
(n−k)! , n k.
Consequently, g ∈ C∞. Finally f g = (1−h)g = (1−h)∑∞n=0 h[n] = 1, which means
that f is -invertible. The proof is complete. 
Corollary 2.3. Let f,g ∈ C∞. Suppose that f ∈ C(n)0 \ C(n+1)0 , g ∈ C(m)0 \ C(m+1)0 and
nm. Then there exists h ∈ C(m−n−1)0 \ C(m−n)0 such that h f = g (when m = n, C(−1)0
means the space C∞).
Proof. Since f ∈ C(n)0 \ C(n+1)0 , we have that f (0) = f ′(0) = · · · = f (n)(0) = 0, but
f (n+1)(0) = 0. Then, by Lemma 2.2, the function f (n+1)(x) ∈ C∞ is -invertible. Then
there exists h˜ ∈ C∞ such that f (n+1)  h˜ = 1, and then, g = g  f (n+1)  h˜. From (1)
and integration by parts n + 1 times we obtain g  f (n+1) = g(n+1)  f , and hence,
g = g(n+1)  h˜ f = h f , where h def= g(n+1)  h˜ ∈ C∞. The proof is complete. 
Lemma 2.4. Let f ∈ C∞ and n  0 be an integer. Then f  C∞ = C(n)0 if and only if
f ∈ C(n)0 \ C(n+1)0 .
Proof. In fact, relation f C∞ = C(n)0 implies that f ∈ C(n)0 \C(n+1)0 . Conversely, let f ∈
C
(n)
0 \C(n+1)0 , and let g ∈ C(n)0 be any element. Then by Corollary 2.3 there exists h ∈ C∞
such that g = h f , and hence, C(n)0 ⊂ f C∞. On the other hand, when f ∈ C(n)0 , then,
obviously, f  C∞ ⊂ C(n)0 (because C(n)0 is an -ideal). Consequently, f  C∞ = C(n)0 ,
as required. The proof is complete. 
The following result due to J. Mikusinski (see [1, Theorem 2]).
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neighborhood of 0, the set of convolutions g ∗h with h ∈ C(∞)0 [0,1] is dense in C(∞)0 [0,1].
Lemma 2.6. Given any fixed g ∈ C(∞)0 which does not vanish identically in any right
neighborhood of 0, the set g h with h ∈ C∞ is dense in C(∞)0 , i.e., gC∞ = C(∞)0 .
Proof. Since C(∞)0 is a closed -ideal, inclusion g C∞ ⊂ C(∞)0 is obvious. We now
prove the inverse inclusion. Really, we have, using Lemma 2.5, that the set of convolutions
g ∗ h′ with h ∈ C∞0 is dense in C∞0 . Then we have
g C∞ = clos{g  h: h ∈ C∞} = clos
{
d
dx
(g ∗ h): h ∈ C∞
}
= clos
{
d
dx
x∫
0
g(x − t)h(t) dt: h ∈ C∞
}
= clos
{ x∫
0
g′(x − t)h(t) dt: h ∈ C∞
}
= clos{g′ ∗ h: h ∈ C∞}⊃ clos{g′ ∗ h: h ∈ C(∞)0 }= clos{g ∗ h′: h ∈ C(∞)0 }
= C(∞)0 .
Thus, C(∞)0 ⊂ gC∞ ⊂ C(∞)0 , which means that gC∞ = C(∞)0 . Lemma is proved. 
Proof of Theorem 2.1. Now from the lemmas, proved above, follows the proof of the the-
orem. Really, as mentioned above (see (2)) the ideals Cλ, C(n)0 (0 < λ < 1; n = 0,1, . . .)
constitute an ordered set (let us denote this set by L). It is obvious that the set L is closed
in the sense that the closure of union of any parts of L also belongs to L. Now, let E be any
closed nontrivial -ideal in C∞ (i.e., {0} = E = C∞). Then, by Lemma 2.2, E has not
any element f with f (0) = 0, and therefore, E ⊂ C(0)0 . For any g ∈ E, g  C∞ ⊂ E,
and hence,
⋃
g∈E g  C∞ ⊂ E, and clearly,
⋃
g∈E gC∞ ⊂ E. On the other hand,
g = g  1 ∈ g  C∞, and therefore, g ∈ g  C∞. Since g ∈ E is arbitrary, from this we
have that E ⊂⋃g∈E g C∞. Consequently, E =⋃g∈E g C∞. From this, using result
of Mikusinski [1], Lemmas 2.4, 2.6 and above made remarks about closedness of L, we
deduce that E ∈ L, which completes the proof of theorem. 
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